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We study the dynamics of diffusion-limited irreversible aggregation of monomers, where bonds
are mediated by linkers. We combine kinetic Monte Carlo simulations of a lattice model with a
mean-field theory to study the dynamics when the diffusion of aggregates is negligible and only
monomers diffuse. We find two values of the number of linkers per monomer which maximize the
size of the largest aggregate. We explain the existence of the two maxima based on the distribution
of linkers per monomer. This observation is well described by a simple mean-field model. We also
show that a relevant parameter is the ratio of the diffusion coefficients of monomers and linkers. In
particular, when this ratio is close to ten, the two maxima merge at a single maximum.
I. INTRODUCTION
The growth of large structures from the spontaneous
aggregation of individual constituents (monomers) is a
subject of interest across fields and disciplines [1–18].
From the nucleation and growth of crystallites at the
nanoscale, flocculation and self-assembly of colloidal sus-
pensions at the micron scale, to the formation of social
groups at the human scale, there are many examples
where the dynamics of aggregation has been described by
simple mechanisms such as diffusion and reaction/bond
formation [19–29].
Most of the previous studies considered monomer-
monomer bonds that are either independent or activated
by enzymes, where each enzyme may activate more than
one bond [30–33]. Recently, however, the interest has
shifted towards monomer-monomer bonds mediated by a
second species, the linkers [34–40]. Linkers are different
from enzymes, for they mediate at most one bond. The
idea is to control aggregation through the properties of
the linkers (e.g., their size, shape, chemistry, and concen-
tration), keeping the properties of individual monomers
intact. But linkers provide many more control param-
eters to the dynamics. The dependence on each one of
them is still elusive.
The diffusion of aggregates is expected to decrease with
the size of the aggregates. Here, to characterize the de-
pendence of the aggregation dynamics on the number of
linkers per monomer through their relative coefficients,
we considered that the diffusion of aggregates is negli-
gible, when compared to that of monomers. This ap-
proach is expected to be meaningful for very diluted
regimes as those considered in this work. In fact, this
strategy was used before to provide insight into the role
of different parameters in the dynamics of aggregation
on crystalline substrates [41, 42] and may be relevant
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for large molecules and colloidal particles in physiolog-
ical and porous media [43, 44]. We consider the limit
of irreversible aggregation, not only for theoretical sim-
plicity but also due to its practical relevance [45, 46].
In many applications, strong irreversible bonds are in-
strumental to yield resilience to thermal fluctuations and
mechanical perturbations [47]. For example, our model
may be relevant to describe self-assembly through DNA
linkers [48], where the interactions can be very strong (up
to 6kBT per linker [49]). Here the length of the linkers
may also hinder the diffusion of the clusters due to their
geometry [50].
Numerical simulations reveal two optimal numbers of
linkers per monomer for which the average size of the
aggregates is maximized. We propose a mechanism re-
sponsible for this effect and show that the results may be
described by a mean-field calculation. We also discuss
how the existence and the values of the maxima depend
on the diffusion coefficients of the two species.
We introduce the model and simulation details in
Sec. II, present the main results in Sec. III, and draw
some conclusions in Sec. IV.
II. MODEL
Let us consider a cubic lattice with a diluted mix-
ture of two species: monomers and linkers. Monomers
occupy one lattice site and move by a sequence of ran-
dom hops between nearest neighboring sites. The hop-
ping rate is equal to the translational diffusion coefficient
Dm. A lattice site cannot be occupied by more than
one monomer. The initial concentration of monomers
nm is defined as the fraction of lattice sites occupied
by monomers at t = 0. Monomers have a number f of
patches on their surface with f and the symmetry of their
spatial distribution given by the topology of the lattice.
For example, on the cubic lattice considered here, f = 6
and the patches are oriented along the three directions
of the nearest neighbors. A patch is occupied, when a
bond to a linker is established and free, otherwise. Each
monomer also rotates ±pi/2 at a rate equal to the rota-
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2Figure 1. Schematic representation of the main events:
a) Translational (linkers and monomers) and rotational
(monomers only) diffusion; b) formation of bonds between
monomers and linkers; c) formation of linker-mediated bonds
between monomers.
tional diffusion coefficient Dr (see Fig. 1a). A lattice site
is rescaled to the monomer’s diameter and sets the length
scale. Then using the Stokes-Einstein-Debye relation, we
consider, for simplicity, Dr ≈ Dm.
The linkers also occupy one lattice site and hop with
a diffusion coefficient Dl. A lattice site can be occupied
by at most one linker. The concentration of linkers nl is
defined analogously to nm. Linkers form bonds only to
patches, turning a free patch into an occupied patch (see
Fig. 1b). By forming at most two bonds, linkers medi-
ate bonds between monomers (see Fig. 1c). We define
an aggregate as a set of monomers connected by linker-
mediated bonds. In this work, we focus on the limit
where the diffusion of monomers is much faster than that
of aggregates, such that the latter may be neglected. We
also consider that all bonds are irreversible, i.e., there is
no bond breaking in the timescale of interest.
We consider that the formation of a bond is much
faster than all other processes and therefore instanta-
neous within the relevant time scale. To follow the ki-
netics, we performed kinetic Monte Carlo simulations of
the three relevant processes: translational and rotational
diffusion of monomers and translational diffusion of link-
ers (see Fig. 1). At each iteration, the process is drawn
at random from the list of possible processes, with the
probability niWi/R of each process i, where ni is the
number of particles that can undergo process i, Wi is the
rate of the process i, and R is the sum over all niWi
(normalization). The time is incremented by 1/R.
III. RESULTS
The model described above has four relevant param-
eters: the concentrations of monomers and linkers (nm
and nl, respectively) and their diffusion coefficients (Dm
and Dl, respectively). For simplicity, time is rescaled
such that the diffusion coefficient of monomers is unity,
reducing the latter two parameters to a single adimen-
1.0
2.0
3.0
4.0
10
1
10
2
10
3
10
4
a)
<
S
>
t
φ=0.05
φ=0.50
φ=0.95
10
2
10
3
10
4
3.0
4.2
5.4
6.6
b)
S
m
a
x
t
Figure 2. a) Time evolution of the average size of the aggre-
gates 〈S〉, defined in Eq. (2). b) Time evolution of the size
of the largest aggregate Smax. Simulations were performed
on a cubic lattice of lateral size Lbox = 25 in units of the
lattice constant, for a ratio of monomer and linker diffusion
coefficients ∆ = 10−3, and a number of linkers per patch of
φ = {0.05, 0.50, 0.95}. Results are averages over 500 samples.
sional one, the ratio of diffusion coefficients, defined as,
∆ =
Dm
Dl
, (1)
where, for instance, when ∆ = 10−3, the linkers undergo
1000 diffusion steps while the monomers undergo a single
one.
Below, we investigate first the limit of fast linkers,
where ∆→ 0, and then generalize the study to any value
of ∆.
A. Fast linkers (∆ → 0)
Let us first consider the limit where linkers are much
faster than monomers, i.e., ∆→ 0. We define the size of
an aggregate as the number of monomers in it. In Fig. 2
is the time evolution of the size of the largest aggregate
Smax and the average size of the aggregates 〈S〉, obtained
numerically for ∆ = 10−3. 〈S〉 is defined as
〈S〉 = N
Nagg +Nmon
, (2)
where N is the total number of monomers, Nagg is
the number of aggregates, and Nmon is the number of
free monomers, i.e., monomers without linker-mediated
bonds. Note that for 〈S〉 we considered also the
monomers. Both parameters increase monotonically in
time and saturate asymptotically, for the following rea-
son. As monomers and linkers find each other through
diffusion, free patches become occupied. When an occu-
pied patch finds a free one, they form a linker-mediated
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Figure 3. Average size of the aggregates 〈S〉 as a function of
φ, at two values of the time: 102 and 106, in units of a2/Dm,
where a is the lattice constant and Dm the diffusion coeffi-
cient of monomers. The dashed (vertical) lines mark the two
maxima and one minimum, observed at φ = {0.12, 0.50, 0.88}.
Simulations were performed on a cubic lattice of lateral size
Lbox = 25 in units of the lattice constant, for a ratio of
monomer and linker diffusion coefficients of ∆ = 10−3, and a
concentration of monomers of nm = 0.01. Results are aver-
ages over 500 samples.
bond between the corresponding monomers. For ir-
reversible aggregation, the number of free monomers
Nmon(t) is a decreasing function of time. Both the aver-
age size of the aggregates 〈S〉 and the size of the largest
aggregate Smax increase in time and they saturate when
all possible bonds are formed. The asymptotic values of
Smax and 〈S〉 depend strongly on the number of linkers
per patch φ,
φ =
nl
fnm
, (3)
as shown in Fig. 3. While for φ = 0.05 all linkers form
bonds to patches in the asymptotic limit, as there are
more patches than linkers, for φ = 0.95 the aggregation
ceases long before all linkers form a bond. Note that,
for φ > 0.5, there are more linkers than needed for each
patch to form a bond.
Figure 3 shows the dependence of 〈S〉 on φ for two val-
ues of the time. At the earliest time (triangles), 〈S〉 is
maximal for φ = 0.5, as one would expect, for it corre-
sponds to an equal amount of free and occupied patches
and therefore a maximal number of possible bonds. How-
ever, at later times (circles), one finds two maxima in-
stead (for φmax1 = 0.12 and φmax2 = 0.88) and φ = 0.5 is
in fact a local minimum. We performed simulations for
different box sizes, namely, Lbox ∈ {16, 25, 32, 64}, and
observed no significant finite-size effects.
To understand the dependence on φ, let us focus on the
limit where linkers are infinitely faster than monomers
∆ = 0, i.e., when all possible linker-monomer bonds
are formed before the diffusion of monomers starts to
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Figure 4. Probability distribution of the number number of
occupied patches per monomer obtained from numerical sim-
ulations (red) and from the binomial distribution (blue), given
by Eq. (4). The numerical simulations were performed on a
cubic lattice of lateral size Lbox = 25, in units of the lattice
constant, suppressing the diffusion of monomers (∆ = 0) for a
concentration of monomers of nm = 0.01, as in Fig. 3. Results
are averages over 500 samples.
play a role. Thus, the relevant parameter for monomer-
monomer aggregation is the probability dOcc(O) that
a monomer has O occupied patches, after all possible
linker-monomer bonds are formed. If we neglect spatial
correlations, this probability is given by the binomial dis-
tribution,
dOcc(O) =
(
f
O
)
φO(1− φ)f−O , (4)
where φ is the probability that a given patch is occupied.
Figure 4 depicts the probability distributions dOcc(O) ob-
tained from Eq. (4) and from numerical simulations at
the same value of the concentration of monomers con-
sidered in Fig. 3 but with ∆ = 0, showing that for this
concentration, spatial correlations are practically negli-
gible.
Figure 5(a) shows the dependency on φ of the asymp-
totic number of free monomers Nmon and number of
aggregates Nagg. Three regimes are clearly seen with
boundaries that coincide with the maxima in the asymp-
totic 〈S〉. In the regime of low φ (φ ∈ [0, 0.12]), most
monomers only have free patches and so the number
of bonds equals that of linkers. Since aggregates are
immobile, every new linker-mediated bond involves one
monomer (at least). Thus, the monotonic decrease of
Nmon is well described by a linear dependence on φ.
Accordingly, Nagg increases with φ but, since a free
monomer with occupied patches can either form a bond
with another free monomer or with a larger aggregate,
Nagg is sub-linear in φ. By symmetry, the same is ob-
served in the regime of large values of φ (φ ∈ [0.88, 1]),
where Nmon increases and Nagg decreases with φ, as the
number of monomers with all patches free is (1− φ)f .
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Figure 5. a) Number of aggregates Nagg and number of
free monomers Nmon in the asymptotic limit. Lines are ob-
tained from Eqs. (2), (5a), (7), and (8). b) Average size
of the aggregates 〈S〉 as a function of φ in the asymptotic
limit. The full line is obtained from Eqs. (7) and (8), and
the dashed line is obtained from the asymptotic solution of
Eq. (5a). In both a) and b), open circles are obtained from
simulating the original model and filled circles are obtained
from simulating the point-like model. The dashed (vertical)
lines mark the local maxima and minimum corresponding to
φ = {0.12, 0.50, 0.88}. Simulations were performed on a cubic
lattice of lateral size Lbox = 25, in units of the lattice con-
stant, for a ratio of monomer and linker diffusion coefficients
∆ = 10−3 and a monomer concentration nm = 0.01. Results
are averages over 500 samples.
For the intermediate regime, φ ∈ [0.12, 0.88], all
monomers form at least one bond, i.e., Nmon = 0. Thus,
the average size of aggregates 〈S〉 depends only on the
number of aggregates, i.e., 〈S〉 = N/Nagg. Since it re-
quires a pair of an occupied and a free patch to form a
bond, a monomer with both free and occupied patches
may form bonds with any other monomer. Instead,
monomers with only occupied (or only free) patches
cannot form bonds among each other. Note that, in
Fig. 5(a), Nagg is maximized for φ = 0.5, which corre-
sponds to the maximum number of monomers with both
occupied and free patches, as given by Eq. (4). Since for
φ = 0.5, more than 95% of all monomers can form bonds
with each other, there is a tendency to form dimers. For
φ = 0.12, almost 50% of the monomers have only free
patches. Since those cannot form bonds among each
other, they diffuse for a long time (on average) until
they find a monomer (or an aggregate) with one or more
occupied patches to form a bond with, what favors the
growth of larger aggregates. The positions of the max-
ima (φ = {0.12, 0.88}) correspond to the limiting values
for which Nmon = 0.
Let us now develop a mean-field approach for the dy-
namics of the monomers, where we neglect spatial cor-
relations and assume that the diffusion of linkers is in-
finitely faster than that of monomers. From the dis-
tribution of patches occupied by linkers dOcc, we clas-
sify monomers as: full (fully occupied or completely free
of linkers) and partial (partially occupied by linkers).
We define Nfull(t) as the number of full monomers, and
Npartial(t) as the number of partially occupied monomers.
In the mean-field limit, the time evolution of these quan-
tities is given by,
N˙agg = q0 NpartialNfull +
q0
2
N2partial, (5a)
N˙partial = −q0 NpartialNfull − q0 N2partial − q1 NpartialNagg,
(5b)
N˙full = −q0 NpartialNfull − q1 NfullNagg, (5c)
with initial conditions,
Nagg(0) = 0, (6a)
Npartial(0) = N
f−1∑
n=1
dOcc(n), (6b)
Nfull(0) = N [ dOcc(0) + dOcc(f) ]. (6c)
The first term in Eqs. (5a)–(5c) is related to the ag-
gregation between monomers with both occupied and
free patches and monomers with only free or occupied
patches. The second term in Eqs. (5a) and (5b) is re-
lated to the aggregation between monomers with both
occupied and free patches. The third term in Eq. (5b)
and the second term in Eq. (5c) are related to the for-
mation of bonds between monomers and aggregates.
We consider constant kernels q0 and q1. Free
monomers form linker-mediated bonds with each other
at a rate q0 and with aggregates at rate q1. Since the
latter are considered immobile, then q1 = q0/2 [51]. The
absolute value of q0 sets the timescale. Since we are only
interested in the asymptotic behavior, without loss of
generality, we consider q0 = 1. We neglected also the ag-
gregation between monomers with only occupied patches
and those with only free patches, for when the number
of monomers of one type is significant the number of the
other is negligible. In Fig. 5, the lines for Nagg and 〈S〉
are obtained numerically from Eqs. (2) and (5a), where
for φ ∈ [0.12, 0.88], we set Nmon = 0. The results ob-
tained are in qualitative agreement with the results from
the numerical simulations (open circles).
To write down Eqs. (5b) and (5c), we assumed that
all monomers form bonds. However, this is not the case
5for the first and the third regimes. To obtain 〈S〉 in
those cases, we now consider that aggregates are treelike,
such that Nagg +Nmon is always reduced by one when a
new bond is formed, i.e., either a dimer is formed or
a monomer is added to a pre-existing aggregate. For
φ < 0.12 (first regime), all L linkers are mediating a
bond. Thus, Nagg +Nmon = N − L and
〈S〉treelike = N
N − L =
1
1− fφ , φ ≤
1
f
, (7)
which diverges at φ = 1/f ≈ 0.17. Note that the first
regime stops before that. For φ > 0.88, all patches that
are initially free will participate in a bond. In this case,
Nagg + Nmon = N − (Nf − L). In the same way, we
obtain,
〈S〉treelike = N
N − (Nf − L) =
=
1
1− f(1− φ) ,
f − 1
f
< φ. (8)
Figure 5 shows that Eqs. (7) and (8) (lines) reproduce
quantitatively the dependence of the average size of the
aggregates on φ for the first and third regimes. The inter-
sections of 〈S〉treelike with the prediction for the second
regime, in Eq. (5a), coincides with the limits of the dif-
ferent regimes obtained numerically. Thus, in spite of
its simplicity, our mean-field approach describes qualita-
tively the average size of the aggregates for the three
different regimes and quantitatively for the first and
the third regimes. For the second, the mean-field ap-
proach predicts a larger number of aggregates and (con-
sequently) smaller aggregates than observed numerically
(open circles in Fig. 5).
To understand the discrepancies observed in the second
regime, we discuss now the role of the shape of the ag-
gregates. Studies in irreversible aggregation often report
non-compact structures [20, 52]. In general, the shape of
the aggregates should also depend on φ. We now consider
a point-like lattice model, where we neglect the shape of
the aggregates, i.e., each aggregate occupies a single lat-
tice site. Accordingly, every patch in an aggregate (either
free or occupied) is equally likely to form a bond with a
monomer/linker. Thus, when a linker and a monomer
or an aggregate try to occupy the same lattice site while
diffusing, they form a bond with a probability given by,
pLM =
F
F +O
, (9)
where F and O are the number of free and occupied
patches of the aggregate, respectively. Also, when a
monomer i hops to a lattice site that is occupied by an
aggregate j, they form a bond with a probability,
pMM =
FiOj + FjOi
(Fi +Oi)(Fj +Oj)
, (10)
where {Fi, Oi} and {Fj, Oj} are the number of free and
occupied patches of i and j, respectively. The numbers
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Figure 6. Dependence on the ratio of monomer and linker dif-
fusion coefficients ∆ of the asymptotic maxima and minimum
of the average size of the aggregates 〈S〉. Squares correspond
to φmax1 = 0.12 and triangles to φmax2 = 0.88. Simulations
were performed on a cubic lattice of lateral size Lbox = 25 in
units of the lattice constant, and a monomer concentration of
nm = 0.01. Results are averages over 500 samples.
of free and occupied patches of the resulting aggregate
(Ffinal and Ofinal, respectively) are then
Ffinal = F1 + F2 − 1, (11)
Ofinal = O1 +O2 − 1. (12)
Note that we consider that all aggregates are treelike (no
loops).
The numerical results for the point-like model are
shown also in Fig. 5 (filled circles). There is a remark-
able quantitative agreement between the point-like and
the mean-field calculation. This suggests that the devia-
tions from the mean-field behavior for the second regime
are due to the size of the aggregates.
B. Dependence on the linker diffusivity
So far, we have considered ∆→ 0 and assumed a sep-
aration of timescales between the diffusion of linkers and
the one of monomers. However, above a certain value of
∆, these two mechanisms should compete and therefore
the assumption is no longer reasonable. We now discuss
the behavior of the average size of the aggregates 〈S〉 for
different values of ∆ in a range covering six orders of mag-
nitude (10−3, 103). The first remarkable observation is
that the positions of the two maxima (φmax1 and φmax2)
and that of the minimum (φmin) do not vary significantly
with ∆ (not shown). Also, for low values of ∆ (< 10−2),
〈S〉 is constant and consistent with the mean-field value
(see Fig. 6). But, as ∆ increases, the differences between
the optimal and the (local) minimum value of 〈S〉 de-
crease and, for ∆ > 10, they are indistinguishable.
6A monomer-monomer bond is always preceded by the
formation of a linker-monomer bond. As discussed in
the previous section, for low values of ∆, the diffusion
of linkers is much faster than the one of monomers,
thus all possible linker-monomer bonds are formed in a
timescale that is much faster than that of the diffusion
of monomers. For large values of ∆, since aggregates are
immobile, and monomers are much faster than linkers, it
is also more likely that a free linker forms a bond to a
free monomer rather than to an immobile aggregate. In
the same way, it is more likely that the next monomer-
monomer bond leads to the formation of a new immobile
aggregate than to the growth of a pre-existing one. This
competition promotes the growth of the number of aggre-
gates rather than their size. That is why, for all values of
φ considered in Fig. 6, we observe a monotonic decrease
of 〈S〉 with ∆.
In Fig. 6 it is clear that, for φmax1, the regime of fast
linkers (∆→ 0) is valid for a larger range of values of ∆
than for φmax2. In the case of φmax1, every linker medi-
ates a monomer-monomer bond (asymptotically). Thus,
it is only when the diffusion of monomers is comparable
to the diffusion of linkers (∆ ≈ 1) that the formation
of linker-monomer bonds competes with the formation
of the next monomer-monomer bond. For φmax2, this
competition becomes relevant at lower values of ∆ for
the following reason. When ∆  1 (see previous sec-
tion), all linkers form linker-monomer bonds promptly
and the dynamics of monomer-monomer bonds is con-
trolled by the few monomers with free patches. Thus,
the number of pairs of monomers that can form a new
aggregate is reduced as φ increases, what promotes the
growth of immobile aggregates. As ∆ increases, the for-
mation of linker-monomer bonds competes with the one
of monomer-monomer bonds. The larger is the value of
∆, the more likely it is that, a monomer with occupied
patches forms a monomer-monomer bond before all its
patches are occupied. This process favors the formation
of new aggregates over the growth of pre-existing ones.
IV. CONCLUSION
We studied the dynamics of irreversible aggregation
mediated by linkers. In the limit of linkers much faster
than monomers, we report a bimodal dependence of the
average size of the aggregates on the ratio of the con-
centrations of linkers and monomers, with two maxima
appearing at non-trivial values. This behavior appears at
long times, being preceded by a transient regime in which
the average size of the aggregates is maximized when the
concentration of linkers is half that of the patches. With
a mean-field approach we have shown that the two max-
ima appear when the number of free monomers vanishes
asymptotically. This simple approach describes quali-
tatively and quantitatively the results obtained numeri-
cally. The deviations from the mean-field behavior result
from effects due to the shape and size of the aggregates
that are neglected in the theoretical description.
We investigated also the dependence on the diffusion
coefficient of linkers and monomers. We found that the
two maxima disappear when the diffusion of linkers is
comparable to that of monomers (or even lower). This
effect results from the competition between the formation
of linker-monomer and monomer-monomer bonds.
For simplicity, we considered only irreversible aggre-
gation and immobile aggregates. However, these two
mechanisms are expected to play a role, at least on much
longer timescales. Future studies might consider the ef-
fects of both. The symmetry of the results is an artefact
of the model and in more realistic settings is not expected
to occur. However, the mechanisms are general and do
not rely on a particular symmetry and thus the effects re-
ported here are expected to be observed in more realistic,
including off-lattice, models and in experiments.
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